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ON THE STABILITY OF UNIFORM ROTATIONS OF A RIGID BODY
AROUND THE PRINCIPAL AXIS*

A. N. CHUDNENKO

The stability of uniform rotations of a rigid body with a fixed point around the
principal axis supporting the center of mass is investigated in the case when the
moment of inertia relative to the rotation axis equals one of the two other princi-
pal moments of inertia. The motions studied correspond to the boundary of the
domain wherein the necessary stability conditions are fulfilled and to the curve on
which the Arnol'd—Moser determinant vanishes.

1. On the stability of the steady-state motions of Hamiltonian systems. We
consider the steady-state motions of an autonomous Hamiltonian system with m + 2 degrees of
freedom and m ignorable coordinates. In recent years theorems have been proved /l1,2/ extend-
ing to such motions a number of results obtained from a study of the equilibrium position of
two-dimensional Hamiltonian systems /3,4/. The need for carrying out the corresponding proofs
is due to the presence of additional difficulties caused by the dependence of the Hamiltonian
on the cyclic constants. On this basis the Theorem 1 below is given with proof, although an-
alogous statements (without proof) were made in certain papers, for example, in /5,6/.

Let the steady-state motion being studied correspond to a point P with coordinates

' p]:07 q.i:O (]:112)7 p2+‘n=cﬂ° (n:i, LEERRE} m) (1.1)
and let the Hamiltonian H be an analytic function of its own variables at this point. If the
quadratic part H of the Hamiltonian of the reduced system is a sign-definite function of its
variables, then the Liapunov-stability of steady-state motion (1.l) follows from Routh's theor-
em with Liapunov's supplement. Suppose that H., is not a sign-definite function of its varia-
bles. The following theorem on the equivalence of the stability of steady-state motion (1.1)
and of the equilibrium position of the reduced system with Hamiltonian H holds.

Theorem 1. Let the eigenvalues of the linearized reduced system be pure imaginary at
point P: =ia, (¢°), =ia,(c°), and let the frequencies not be connected by a first-order re-
sonance relation [k, () + ko, (&) 0, |k |+ |k l=1 (k, and k%, are integers). Then from
the Liapunov-stability of the equilibrium position of the reduced system, proved by reduction
with the application of Moser's theorem on mappings, follows the Liapunov-stability of steady-
state motion (1.1).

Proof. sSince the Hamiltonian J satisfies the conditions of Lemma 1.1 in /7/, a rest
point of the reduced system corresponds to the steady~state motion for each ¢ from some neigh-

borhood of point ¢, while the Hamiltonian H, of the reduced system is an analytic function
of the cyclic constants at point ¢® and can be presented as the series
H, :Hz -+ .Ha + ...+ H, +..., H,= 2 hr.\»,v,vp1"‘P2"’¢11V'sz‘ (v=v1-}+ v+ V3+V.) (1.2)
V=m
whose coefficients  Aywaw, (€) are analytic functions of ¢ at point ¢°. To prove the theor-

em we need to investigate the perturbed motions

pr=2pis gi=2qf (G=142), ea=¢"+8 (r=1,....m), |c|<1 (1.3)

where | z| is the Euclidean norm of vector z,8 =& (it is usual to assume k=1). The

choice of an appropriate value of k& (a sufficiently small neighborhood of point ¢°) enables
us to surmount the difficulties caused by the dependence of the coefficients of the reduced
system's Hamiltonian on the cyclic constants. If the question on the stability of the equili-
brium position of the reduced system with Hamiltonian H,. can be resolved by means of reduc-
tion (the investigation is led to a system with one degree of freedom, but nonautonomous; for
example, see /3,8/) by forms up to order 2 + a, inclusive, in expansion (1.2), then we
choose k= o 4+ 1. Then, representing the functions /Ay, (¢), analytic at point &, by
power series with due regard to the change of variables (1.3), we transform Hamiltonian (1.2)

to .o b .
H.=H:(p/, ¢/ e) + H'(pi g5 e’ 8) (j=1,2; n=1,...,m) (1.4)

2ta 3 VL V2 Vs eV,
H = E 2 & 2hy vy, (€°) 171v P2 @ sz (V="1+ Ve + vs+ v5)

i=9 V=i

Here H,° is the unperturbed part of the Hamiltonian, while the perturbed part H.!= O (e**) is
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uniformly bounded with respect to ¢ for all }c¢’ |<{ 1. We note that the unperturbed part of
Hamiltonian (1.4) is independent of ¢’ and, consequently, H. = Hy° . Normalizing the un-
perturbed part of Hamiltonian (1.4)and using the integral H, =h, we effect at the zero
iscenergetic level a reduction to a one-dimensional system whose Hamiltonian is

K = (rg)“d) ((P) + K*(t, 1,9, ¢, 5) (n=1,... m)
where the functions @ and K* = 0 (¢**') are T -periodic in ¢ and K* is 2rn-periodic in ¢
and uniformly bounded in ¢ for all |¢' | 1. Here r and ¢ are the momentum and the coordin-
ate of the one-dimensional system and ¢ is a variable playing the role of time. The sub-
sequent part of the proof coincides with the corresponding part of the proof of Theorem 2.1
in /8/. BApplying Moser's mapping theorem /3/ to the reduced one-dimensional system, we get
that the stability of steady-state motion (1.1) follows from the Liapunov-stability of the
equilibrium position of the reduced system with Hamiltonian He.

Notes. 1°. Having proved ih some fashion the instability of the rest point of a system
with Hamiltonian H_,, by the same way we prove the instability of the steady-state motion
(1.1).

2°. The requirement that Hamiltonian H be analytic at point P can be replaced by the
condition that partial derivatives of order a-4.8 in all the arguments exist at this point.
This follows from /9/ in which the requirement of analyticity of a mapping in Moser's theorem
is replaced by the condition of existence of continuous fifth-order partial derivatives in
all arguments, which is fulfilled if function H has continuous partial derivatives of order
a-+8 in all arguments at point P, The latter is sufficient also for cbtaining the uniform upper
estimates figuring in the proof of the theorem on remainder terms relative to ¢'.

The conditions for the stability of the equilibrium position of an autonomous Hamiltonian
system with two degrees of freedom in the absence of resonances up to order 2n , inclusive.
/10/, with resonances o, = 3a, a; =22, /4,11/, o, =a, and the elementary divisors are simple
/12/, were obtained precisely by reduction with a subsequent application of Moser's mapping
theorem to the reduced system. Therefore, according to Theorem 1 they remain valid for the
steady-state motions of an autonomous Hamiltonian system whose reduced system is two-dimensio-
nal. In the absence of resonances up to fourth order, inclusive, and in the case of fourth-
order resonance this result was obtained in /1,2/. In the case of equal frequencies o, =a,
and nonsimple elementary divisors the stability conditions for the equilibrium position of a
two~-dimensional autonomous Hamiltonian system have been obtained in /13/ without passing to
the reduced system. But in the given case the result can be obtained by means of reduction
of the system to a one-dimensional one with a subsequent application of Moser's mapping theor-
em /14/ and, consequently, carries over to steady-state motions.

2. Stability of uniform rotations. Statement of the problem. Let us des-
cribe the motion of a heavy rigid body whose center of mass lies on the principal axis by
Hamiltonian equations. By directing the axes of the coordinates system connected with the
body along the principal axes of the energy ellipsoid and introducing the Euler angles in the
usual manner, we write an expression for the Hamiltonian in the assumption that the center of
mass lies on the first principal axis

1 .
H = 54, 5E0 {41 [pe® sin® O + (py — py cos B)?] + (Ay — A4;) X
2
[posin & cos ¢ + (py — pycos¥)sin@]?} - be” - Fesin¥sin g

71,

Here A,, A,, A3 are the body's principal moments of inertia for a fixed point; I is the prod-
uct of the body's weight by the distance to the center of mass; e =1 if the center of mass
lies above the support point and e = —1 otherwise.

Uniform rotations around the first principal axis with angular velocity ® are determin-
ed by the following values of the variables:

po=0, pp=0, pp=w4,, 8 =n/2, p==n/2, ¢ = ot + 1Y, (2.1)

The necessary stability conditions for uniform rotations (2.1) were obtained and analyzed in
detail in /15/. The sufficient stability conditions were indicated in /16/. 1In the case of

equality of the body's principal moments of inertia A4; = 4, with = —1 the necessary
stability conditions coincide with the sufficient. Let us consider the stability of the uni-
form rotations (2.1) in case 4, = 4, with e=1. Using the integral py = const , we

pass to a reduced system with two degrees of freedom. Setting

Po=z/, Po=1x, 0 =n/2+4y’, o=nl/2+y’
in the perturbed motion, we find the expansion of the reduced system's Hamiltonian in a neigh-
borhood of its equilibrium position to within terms of sixth order relative to z,,z/, ¥/, ¥,'.

After passing to a dimensionless time and dimensionless variables x,, Zy, ¥y, Ys by the form-
ulas
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v=tVTT4, 2/ =VTdaz;, y/=y; (=12

the expansion of the reduced system's Hamiltonian is

H=H,+H, +H +..., Hy = D) Kywuow M2 0% (V=¥ + Vo + V3 vy) (2.2)
y=m
1 b 1 1
Hy= 2" + 5 2 + pzan + 5 (W — Y o* — 5 v
1 5 8uz 41 1 1
H,= - zo%y + + wzey® + Pzz_ vt + v y2ya + 57 ¥t
1 61 1362 — 1 1 1
Ho=—z* + 5 waath® + % Ut — g 'y’ (90 + ) — g vt

b=A, /Ay p=o0VA4,/T =py/ VT4,

The triangle inequalities for the moments of inertia delineate in the plane Obg a domain
C(—oolp << +o0; Y, <<b < +0o0) of admissible values of the dimensionless parameters.

In the case being analyzed there is only the energy in-

4 [ ; tegral H = const and the function H? is sign~-constant;

therefore, it is impossible to find sufficient stability con-
A ditions by constructing a Liapunov function from the integrals
of the equations of perturbed motion /17/. 1In /1,2/ it was
shown that in the subdomain ¢ (3—b+2V2—b< pt <b/ (b —1);
2.5 L Y, <b<< (V5-+1)/2) of domain (, in which only the neces-

& sary stability conditions are fulfilled, the uniform rotations
(2.1) are stable everywhere except on a curve S, (Fig.l) at
whose points the Arnol'd—Moser determinant /3/ vanishes.
R (All the constructions on the Fig .1 have been carried out for
[ p >0 since the graphs for u <0 are symmetric with the
0 1 2 ones indicated relative to axis Ob ). Uniform rotations
corresponding to points of the boundary curve S, (n = Vb / (b —1);
1<b<(V/5+1)/ 2) of domain G were studied in /18/. It
was shown that the uniform rotations corresponding to the points of this curve are unstable
for Y,<<b<<(Y5 + 1)/2 (curve RQ) and are stable for fixed values of angular velocity for

1<b <, Thus, besides the uniform rotations corresponding to points of curve S, only
the uniform roations corresponding to point @ (u ==2; b =4/,) of the boundary curve S, and
to points of the boundary curve S,(p = [3 —b + 2 (2 — b/l Yy <b < (V5 + 1)/2) of domain

G remained uninvestigated. The study of the stability of these uniform rotations completes
the analysis of the stability problem for the uniform rotations (2.1) in the case of equality
of the body's principal moments of inertia A, == 4,. To answer the question on stability on
the determinant curve and at the point @ of boundary curve §, we need to normalize the
Hamiltonian up to terms of order higher than fourth, since terms up to fourth order, in-
clusive, do not resolve the stability question /1,18/.

15

Fig.l

3. Investigation of stability of uniform rotations corresponding to points
of determinant curve §,. Computing the frequencies of the linearized system (2.2)

oy = [Yy @ F D91, Q=p—b—1, D=pt 420203 + (19

we write the canonic transformation normalizing the quadratic part of the Hamiltonian /1/

1 .
T =G T Gasagny T e (G282p1 -+ @151P2)
192

Y1=—$1p1— SoPr, Yo =V 10z (— 2G1 + 5192)
si=k ]/az (02 4+ b), So=*k Val (a2 4 b)

Here pj;, ¢;{j = 1,2) are the new variables, k¥ is an arbitrary constant. The transformation's

valency ¢ = ka,0, (00" — @,%). This transformation, nonsingular in domain G ,takes Hamiltonian
(2.2) into the form (see (l1.2) for the representation for H,,
H=3t(pl 4 g:*) — 22 (0 + o) + Hy - Ho+ ... (3.1)

Let us write out the nonzero coefficients of the fourth-order form and the nonzero coefficients,
needed for the investigation, of the sixth-order form (a part of them are presented below; to
obtain the coefficients Ayyww, from the expressions for Avaasn, wWe need to interchange the
positions of @; and a,)

24chegee = Kog® [(8p? + 1)(a® + b)? + 122 — 20p? (,® + b))

Behgroo = Mpay ¥V aa, [(8u® + 1), + B) + 6 (a,® + o + 2b) — 5 (o,® + b) (0,® + 3a,® + 4b)]
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hchgggy = Ky (07 (B2 + 1) + 2 L(@® + 0)* + (o + B)* + 4ptl — 1007 (@® + o* + 2b)}

24chggie= Klatar® (ag®+ b)?,  bchggy = —k'p V-mal"af(a,?-i—b)
bchoogs = Kpla®as®, 2chygy = —k'u Va:;zaq“z? (a® + )
4chygey = Krayo® (a0 + b)?, 2chyyg0 = Kip Vd—l?ialzaﬂ {as? + )

behygee = —chyy = Kpio, ey’

T20chaoss = Katg® (0y? + DI(136p2 — 1)(a,® + b + 240p* — 366 (a,? + b))

720chgpse = —K'a,bas® (ay® + b)°, 48chygyy = — EpPay ey’ (o, + b)

48chygap = —RPpPoy s’ (@2 + B),  8chygyg = —KplaPa,? (a,? + b)

8chypee = —K'iaayt (a)® + ), 48chyygy = Kaya,? {p® (136p* — 1)(en® + b) + 16 [6p2 (a2 + by +
8u? (a,® + b) + (@ + b))l — 122p* [2p® + (a,® + b))}

48chyggy — —hPayant (@, + b)%,  48chguy = —Ka ey’ (2 + b)®, 48chgger = —h*pia eyt (o, -+ b).

At points of curve S, the frequencies «, and a, of the linearized system are not connected
by resonance relations up to sixth order, inclusive. At the points of this curve we reduce
Hamiltonian (3.l1), using the Birkhoff transformation, to normal form, restricting ourselves
to sixth-order terms. Since in the original problem odd-order forms are not present in the
expansion of the Hamiltonian, fifth-order terms do not appear in the normalization of Hy
but the coefficients of form H; are changed. Therefore, the normalization is carried out

in two stages: at first we normalize H, and we compute the changed coefficients of form Hs,
and next we normalize Hyg. We obtain

3
H=S (b + ad) — (02 1 a2t) + ), o (p 0 (a2t +

itj=2
The coefficients ¢y, €15, Cpe Of the fourth-order form were found in /1/. We write them as
follows: ' s

€20 = —g~ (34000 -1~ Shoos0 + hz0n), 11 = —— (Razo0 -+ haooz + hosno + Fooss)

Introducing the notation fiwvaw, = Pvaawe + Avwew: @308 guwwa, = Bvaww, — Bvwwny:  TOY  the co-
efficients of the normal sixth-order form, we obtain

1 1
€30 = g (5fa000 + faoz0)— o, [E;m + 4f3010 + 1685000 +

1 u v u v,
— 2 - . 1 _ 1 2 _ 2
(Faovo — Paoeo)*] + 128 ( 3ay 4 a, 3ar— a, + ay -+ a, a— a, )

) 1 3

en = g (3faz00 1~ 3facez -+ Jaa20) — Toa, 1/so10f1210 + 282000 (82200 -+ F2002)] + 1%02 (faon +04) —
9 u 2 1

28 (3&1 ,;i o, + 3a, —‘ dg ) + 128 (0 + ay) {— Bua + 4dus +

1
2[(g1210 + Bon21)? + (g + huann)?1} — 58 (o, — a5 {Bv2 + dvs+ 2[(g1210 — Ean)® + (g — b11n)?]}
Uy = (fs001 — from)* + (€ar00 — Zi120)® , Us = (3fgi00 + fr1z0)* + (38001 T £rom)’

Ug = (gfsloo + fr20(3f1s00 + fires) + (323001 T £1021)(38100s + Lizor)
Uy == faa00 — f2002

The formulas for v, v, vy, U, are found from the expressions for wu,, u,, us, ¢ by replacing
fewwws DY guwaw.and vic e versa.To obtain the coefficients ¢g, Cos €12 from the expressions
for €0, €300 €21 We need to interchange the positions of a, and —-a, and the indices in coef-
ficients RBywaws @ the first and second, the third and fourth.
To study the stability of the uniform rotations corresponding to points of curve S, we
apply Theorem 2.1 proved in /10/ and extended to steady-state motions by using Theorem 1. The
determinant curve §, is defined by the equation

Dy = €30%" + ety + Con®y® = 0
The uniform rotations corresponding to points of curve S, ,for which
Dy = c30%° + e’y + Cra0ta8y” + Cogtty” 7= 0
are stable. We do not write out the expression for Dj(p,b) because it is cumbersome. The
equation D, = 0 was analyzed on a computer and this showed that the curves defined by this
equation do not intersect curve §; in domain G (it has been established analytically that

intersection obtains only at points R and @ of the boundary of domain G). Consequently,
the uniform rotations corresponding to points of curve §; from domain @ are stable.
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4. Stability of uniform rotations corresponding to second-order resonance.
On the boundary curve §,; the frequencies «, and «, of the system linearized in a neighbor-

hood of the motions being studied are connected by a second-order resonance relation: 72
0, = a0 . The linear canonic transformation
Ty = Tl,L (Kipr — qa)y 9= TE:’{ (K1p2 —q1), = 2%(% — Kope)y Yo== —E_;L—((h — Kopy)
1 a 1 a — Vi —u_1
K1=-2—G'+T, Kz—-%"‘*p"- Cl-l/ll p—1

of valency ¢=2/p , with a subsequent normalization of the fourth-order form , leads
Hamiltonian (2.2) to the form
1 !
H = ——2—([)12 + pa?) + @ (g1p2 — q2p1) - (1% - @23 [A (% + g22) + B(gipz — ©2p1) +C(p + p?)] + . ..
We take advantage of the results in /13,14/, extended by use of Theorem 1 to steady-state
motions. Since

A W2t ou—20u 12 >0

B4atc®
at each point of curve S;, we conclude that the uniform rotations corresponding to the points
of curve S; are stable.

5. Stability of uniform rotations corresponding to point Q. First-order
resonance (one frequency is zero) holds on the boundary curve Si. In this case, the linear
canonic transformation found in /18/

2 = sl—wp1 + VI — D pal, 12=";—2[(H2 —Da+ V‘%qz]

__1 w—1 = e — —uwVe
yl——aT[WI1+ Vs Q2]. e=-Fl—1)p wVepl
a = {l(p* —1)* — p2l/ (0> = D}
of valency ¢ = —(u® —1)/a® takes Hamiltonian (2.2) to the form (see (1.2) for the represent-
ation for H,) .
H:Tplz—-:—(p22+q22)+H4+116’1‘--- (5.1)
We write out the coefficients, needed for the stability investigation, of the fourth- and.
sixth-order forms
_ -4 _ - _ B{pt— bptd- 4p2+6) __opt@u— 232 4 48)
hooso = S E—1" Proge=0, hogo=0, hwn= W Fooso = T 1hha® (2 — 1)

Normalizing by Birknoff's transformation the fourth- and sixth-order forms in expansion (5.1)

we find 1 2 o 2 2y 4 22 2
H = 5 T(pz + qa?) + Ligi® + la2qi® (p2® + g2°) +
loa (P2® + q22)° + looqa® 4 Laeqr® (P2® + @2%) + laan® (P2® + @2°) + Lo (p2® + 2% + . -
At point Q(u=2,b = 4/3)

4 1 1
Lo = hgoao =0, g0 = haoso + —ai—hoomhzo*zo -5 Rz + e (Riaso + Pgos) = 0.05184 >0

Making use of Theorem 4.1 of /8/, we conclude that the uniform rotations corresponding to
point Q of boundary curve S, of domain G are stable for fixed values of the angular veloc-
ity (of the cyclic constant py).

Summing up, we state

Theorem 2. Suppose that a rigid body having equal moments of inertia relative to the
first two axes rotates uniformly around the first axis supporting the center of mass, and that
the center of mass is located above the support point. Such uniform rotations are stable
everywhere in domain G and on the boundary curve Sy+ are stable for fixed values of the
angular velocity on a part (1 <b < Yy of the boundary curve S., and are unstable on the
remaining part (g <b <(V5+1)/2) of curve S,.
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